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H 1.1 (Does it exist or not?)
Give an example of the following objects or prove that they cannot exist.

(i) A holomorphic function f: C\ {0} — C such that f'(z) = 1.
(ii) A holomorphic function f : C\ {Re (z) < 0} — C such that f/(z) = 1.

(ii) A domain D C C and a non-constant holomorphic function f : D — C such that |f] is
constant.

(iv) A non-constant holomorphic function f : C — C such that f(n) =0 for all n € N.
(v) A non-constant holomorphic function f : C — C such that f(% +4) =0 for all n € N.

(vi) A non-constant holomorphic function f: C\ {0} — C that is bounded.

Solution H 1.1:

(i) No. Otherwise, by the fundamental theorem of calculus and the definition of complex
path integrals we would obtain

2
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0= f(1)— f(1) = / F(2)ds = / L it e = omi.
8B1(0) o ¢
(ii) Yes. On star-shaped domains, every holomorphic function possesses a primitive. One
example in this case is the complex logarithm f(z) = log(z) (more precisely its principal
value with imaginary part in (—m,7]).

(iii) No. Such a function would satisty f(D) C dB,(0) for some r > 0. In particular, the set
f(D) is not open, which contradicts the open mapping theorem.

(iv) Yes. Consider the function f(z) = sin(7z).

(v) No. Since the sequence % + ¢ has the accumulation point i € C, the identity theorem
yields that f(z) =0 for all z € C.

(vi) No. Since the point zj is an isolated singularity, Riemann’s lemma implies that zo would
be a removable singularity. Then the extended function would violate Liouville’s theorem.

]

H 1.2 (On the image of entire functions)

Let f: C — C be an non-constant entire function (i.e. f is holomorphic on the whole complex
plane). Show that its image f(C) is dense in C.

Hint: Argue by contradiction and use Liouville’s theorem for a suitable function.



Solution H 1.2:
Assume by contradiction that there exists zp € C and 6 > 0 such that |f(z) — 29| > ¢ for all
z € C. (Check carefully that this is exactly the contradiction of the statement!) Then the

function g : C — C defined by
1

9(2) = 75—
(2) =
satisfies [g(z)| < 3. Hence by Liouville’s theorem g has to be constant, which contradicts the
assumption that f is non-constant. ]

H 1.3 (The Arzela-Ascoli theorem on C)
Let K C C be a compact set and let f,, : K — C be an equibounded sequence of functions,
i.e., there exists a constant M > 0 such that

sup |fu(2)| < M Vn eN.
zeK

a) Let S C K be a countable set. Show that there exists a subsequence f,, such that f,, (z)
converges to some value f, € C for all z € S.

b) Now assume in addition that the sequence f, : K — C is equicontinuous, i.e., for all € > 0
and z € K there exists 6 > 0 such that for all n € N we have the implication

ly—z| <6 = |fuly) — fulz)| <e

Show that if S is dense in K, then f,, (z) converges to some f, € C for all z € K, where f,,
denotes the subsequence from item a).

c) Under the assumptions of b), define the function f : K — C by f(z) := f.. Show that
fne — f uniformly on K and conclude that f is continuous.

Solution H 1.3:

a) Let us write S = {z1, 29, 23,... }. Since the sequence { f,,(z1) }nen is bounded, we may apply
the Bolzano-Weierstrass theorem in order to extract a subsequence {11 }ren such that f,, | (21)
converges to some value f;, € C. In the next step we note that the sequence {f,, , (22)}ren is
again bounded, so that by the same reasoning we find another subsequence {nys}ren of the
previous subsequence, such that {f,, ,(22)}ren converges to some value f,, € C. In the 5th
step we choose a subsequence {ny;}ren of all previous subsequences, such that {f, . (z;)}ren
converges to some value f.. € C.

It is tempting to finish the argument by induction, however it is not clear that any sequence
remains after this infinite procedure! To justify this, we use the so-called diagonal argument.
For k € N we set ng := ngy. Then the sequence f,, (z;) converges to f., for all j € N, since
apart from finitely many terms (the ones with k£ < j), the sequence ny is a subsequence of
{nk,j}kEN-

Remark: This type of diagonal argument is attributed to Cantor, and has applications in many fields
of mathematics.

b) We show that {f,, () }ren is a Cauchy sequence for all z € K. To reduce notation, we
suppress the subscript k. For z € K and € > 0 we first choose z* € S such that |z — z*| < d. .,
where 9. , satisfies the condition

y—zl<b. = IR -f@I<; VneN 1

It is possible to find such a z* due to the density of S in K. For m > n we then have
[fm(2) = fu(2)] < |fm(2) = fun(Z0)] +1 i (27) = fu(Z0)] + [ fn(2") = fn(2)].

~
<e/3 <e/3




Since z* € 5, part a) implies that there exists n = n. € N such that for all m > n we have
| fm(2%) — fu(2")] < 5. Then for all m > n > n. we conclude that

[fm(2) = fu(2)] <&

Hence {f,.(2) }nen is a Cauchy sequence, which implies the desired statement.

c) Given € > 0 and z € K, we choose 6., > 0 satisfying the implication (1) above. Then the
family of discs {Bs. . (2)}.ex forms an open cover of the compact set K. By the (topological)
definition of compactness, there exists a finite sub-family {Bs, .}, with z; € K that still
covers K. Thus for any z € K we find z; such that |z — z;| < 0..,. Since the {z;} are only
finitely many, there exists n. € N such that for all n > n. it holds that

HOESAGIESS

Moreover, observe that (1) also holds for the limit function f since we can pass to the limit in
the estimate. Consequently, for n > n. we deduce that for all z € K we have

1f(2) = fu(2)| < [f(2) = ()| + | f(2) ifn(zi) +/nlz) — fn(2)] <,

" [\ J/ .
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€/3 <e/3 <e/3

which shows the uniform convergence of f,, to f. Since uniform convergence preserves continuity
(see Analysis 2 or pass to the limit in (1)), this concludes the proof. O



